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In the investigation of the aerodynamics of wings, analysis of the coefficients of fric-
tion and heat exchange on the surface of a body is of great significance; these coefficients
are determined from calculation of the boundary layer on the wing. At the present time there
are a number of publications on the numerical calculation of an automodel compressible layer
on conical bodies [1-3]. The calculation of a three-dimensional laminar boundary layer on
the sharpened body of a bielliptical cross section is realized in [4]. In [5] the calcula-
tion of a three-dimensional boundary layer in the laminar and turbulent modes of flow on a
plane triangular wing is carried out.

The present article describes the formulation of the problem and an algorithm for cal-
culating a three-dimensional compressible laminar boundary layer on a profiled wing with
supersonic front edges. The results of its realization for the windward and leeward sides
of the wing with an angle of sagitallity of x = 45° at a Mach number of M, = 3 and for the
windward side of the wing with the same x for My, = 3 and 6 for a series of angles of incid-
ence o are presented. The influence of the Mach number, the angle of incidence, and the
relative thickness of the profile on the coefficient of friction is investigated.

1. The surface of the wing is assumed to be smooth and its equation of the form y =
F(x, z) is given in the Cartesian system of coordinates (x, y, z) with its origin at the tip
of the wing (Fig. 1). The z = 0 plane coincides with the vertical plane of symmetry. The
front and rear edges of the wing lie in the y = 0 plane. The velocity vector of the oncoming
flow U, lies in the vertical plane of symmetry of the streamlined body and constitutes the
angle of incidence a with the X axis.

To describe the boundary layer, a nonorthogonal coordinate system (&, n, ), associated
with the surface of the body, is introduced:

E=x, L{=1-2z/f(x)

Here the coordinate { is read from the front edge; n is the normal to the surface; and z =
f(x) is the equation of the front edge. All of the parameters are rendered dimensionless
with regard to the length of the central chord L and the values of the same parameters in
the oncoming flow (index =), with the exception of

.ﬁ::‘erEeL/L, E=UVECL/L, E=p/PmU3n
Re, = polial/po, Pr=poGe/ke, Ma=U./VYRT.
(the lines are omitted in the equations below). In accordance with [6], the:natrix:B=¥HBi’!,

of the components of the covariant basis vectors corresponding to the axes £,n, § (i',”j =
1, 2, 3), and the metrical coefficients g;1, £12> 8,25 8y are wWritten out {7].

In order to eliminate the singularity at the front edge and decrease the dependence of
the external of the boundary layer on the longitudinal coordinate, a new variable A = n/vEL.
Then the equations of the boundary layer in physical variables [8] have the form

£ [ GuaD + ;,%(pw%)] +VE L + tow Va2 + LouVETEn/2 = 0. (1.1)
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TABLE 1

Mm
Wing a, deg 3 8
Cg Cw Cyw
(CFx) (CFx) (CFy)
0 0.05 0,05 -
(2.038) (2,038)
F 0.05 0,04
5 (1,784) (2.224) -
0,05 0.03
8 (1,630 2,291) -
0,03 0,03
0 - (1.990) (1.910)
G s 0,03 0.03
- (2.222) 2,521)
10 _ B 0,03
(3,128)

Fig. 1

We will write the equations of motion and energy with an identical structure as

af; 9 of @ ;i .
aiE+b;3§-+c,-a—a(dia)+e,=0 (i=1,2,3), (1.2)

where

I} fi=u, 01=E§Pu/‘/gT1a bl"'gt.«PW/@, a=J, d=pn e=

= §L (4o — A4);
2 fi=w, a=Elpu/ Vg, b =Elpw/Vegu, a=J, d=p, e=
= §% (Bs — By);

3) f3 = T, a = CPE‘QP"/‘/;’H,. b3 = cpEtPW/@a 3= CpJ» dS = k/Pl',
2 2
d aw du ow
e3=E?;(A5u+Bsw)—Mi(y—l)u[(5;-) + (31_) +2c05np5;b—):].
The system of equations (1.1), (1.2) is closed by the equation of state
p= yMip/T.

Here, instead of the velocity component.v, the mass flow is introduced:

- n I
J“p(‘/gv_z‘/%u)\/t_z‘,mzpwa

where ¢|is the angle between the axes of the coordinates £, §; cos ¢= g,,/Vg1185.5 Ays Ay,
Ay, B, B,, By are taken in the same form as in {8].

The system of equations (1.1), (1.2) is solved in the region @ (£ > £y, 0 < C < Ck, 0 <
A < Ag(E; C)) for the following boundary conditions:
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TABLE 2

a. deg
5
Moo Cw ° _
CF, CF,
CFy X, a"é % CFy cxy ET;‘ %
3 0 0,0053 0,0053 100 0,0061 0,0261 23
0,03 0.0062 0,0093 67 0,0070 0,0325 21,5
0 0,0050 0,0050 100 0,0068 0,0137 49,5
6 0,03 0,0060 | 0.0076 79 0,0080 | 0,019 43
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uy (8, 1), w=w(§, 1), T=Ts(E A);

=0: u=w=J=0, T=T,

A=A (B D) u=w (50, wew D), T=T.(Y, p=nG b
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The index e corresponds tc the values of the parameters at the external bounary of the bound-
ary layer and w to the values at the surface of the wing. The cross section £ = £, is fixed
at the conical tip of the body, and the profiles u,, wy, T, are taken from the automodel so-
lution for the tip. At the front edge { = 0, the profiles ug, wg, Tg are determined from
the solution of the ordinary differential equations obtained from (1.1), (1.2) for £ - 0
under the assumption of the boundedness of all of the functions being sought and their deri-
vatives [7]. At the surface of the body (A = 0) the adhesion conditions that are usual for
a viscous liquid and the equality of the temperatures of the gas and the wall are assumed.

At the external boundary (A = Ag{&, {) the parameters of the boundary layer are taken from
the calculations of a nonviscous gas flowing around the wing [9, 10] and are interpolated
with a smoothing cubic spline, as is the equation of the wing surface.

To increase the calculation accuracy with a uniform differential grid, new independent
variables (t, s, n) are introduced, with the aid of which the regions of large gradients
of the functions being sought can be expanded. For this the substitution

E=1, §=§(S), A:)\(t,s,n),

is performed, where {(s) is taken in the form of a third-degree polynomial compressing the
nodes of the differential grid at the plane of symmetry of the wing. The conversion A(t,
s, n) is set such that in the region of large gradients of the functions in the A direction
the spacing of the differential grid in physical variables is small [7].

2. To begin with, by means of the Marsh method in the s coordinate the automodel bound-
ary layer in the conical section was calculated; for this a purely implicit scheme was used.
The resulting values of the gas dynamic parameters u,, Wy, T, were used as the initial condi-
tions in the t = t, cross section in the conical section. Then the Marsh method was used in
the t coordinate to solve the three-dimensional equations of the boundary layer. A two-layer
implicit weighted differential scheme, absolutely stable at the values of the weighting fac-
tor 0.5 < 8 < 1.0, like the one described in detail in [11], was used.
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In accordance with the resulting velocity and temperature profiles in each cross sec-
tion, the components of the coefficients of friction pressure and the Stanton number on the
surface of the body were calculated:

* _— kY

¢, = ¢, VRe; § = ———— VRe;, G
£1 f1 £ OSQmUi, £ Yoy
= ¢ VRE T = VR& T,

OSmeZ
¢ =Yg+, + 2g,q,c0s 9, St*=S1VRe T = m :

Here Rery is the Reynolds number calculated from the parameters of the incident flow and the
distance E from the tip of the body; Tg, Tg are the components of the friction pressure; q is
the heat flow at the surface of the wing; and h is the total enthalpy.

Also taken into account was the total contribution of the force of friction at the sur-
face of the wing to the coefficients of the aerodynamic longitudinal and normal forces, which
are determined from the formulas

11
i
CF: = CF, ,E....eL _ X ReL J‘f Cf cowcos \/Edi‘,dt,,

(172) pxUZS o _

1t

— ¢ i

CF;=CF;,\/§-€L-— Y\/i%eL - J‘f smycos +cfzsm v’?,"d&d?;
(172) pulS T

where X, YT is the total force of friction in the longitudinal and nomral directions; A is
the angle between the vector cf, and the ¢ axis in a projection onto the (&, A) . plane; 9 is
the angle between the cg, vector and the £ axis in a projection onto the (£, ) plane; and
S is the area of the surface of the wing. Computation of the integrals was carried out ac-
cording to the trapezoid formula. An exception is the vicinity of the front edge, where the
values of the integrals were determined analytically.

The overall resistance of the wing CX, was found from the formula

CXo=C, + CF,

where Cy is the wave resistance taken from the calculations of nonviscous flow around the
wing and CFy is the coefficient of friction resistance converted to the velocity coordinate
system for a given Rep,.

A more detailed formulation of the problem and an algorithm for solving three-dimen-
sional boundary layer equations are described in [7].

3. The resulting program was first tested by comparing the results of the calculation
with the basic results for a plane plate [3] and with the data given in [5]. The results of
these comparisons are given in [7]. A laminar boundary layer was then calculated for one
enthalpic factor Hy = hy/he = 0.57 for two profiled wings with the same sagittal angle x = 45°
and with the surface equations given in [9, 10]
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where ¢ is the relative thickness of the windward surface cy and of the leeward surface cy.
All of the variants considered are given in Table 1.

Figure 2 shows the distribution of the parameters Cf* and St* at the windward surface
of wing G for cy = 0.03, M, = 3, ¢ = 5° in cross sections { = 0; 0.52; 0.85 {curves 1-3).
Here the contour of the wing surface in these cross sections is represented. For comparison
the dotted lines show the values of cf” and St* for the same defining parameters for a plane
plate in the ¢ = 0.52 cross section. It is clear that the corrected parameters on the pro-
filed wing increase their values for a plane plate by 30%7. This is explained by the fact
that the local angle of incidence of the tip section of the wing is approximately 57 higher
than on the plate. An analogous situation also occurs with other angles of incidence.

For M, = 6 the distribution of the coefficient of friction Cf* on the windward surface
of the same wing and with the same other defining parameters is given in Fig. 3. Here the
numbering of the curves is the same as in Fig. 2. For M, = 6 the value of Cf“ at the tip
exceeds its value on the plane plate more significantly than for M, = 3. Later, however,
it begins to drop due to the more intensive increase in the thickness of the boundary layer.

The calculations for My, = 6§ and o = 0-10° showed that the character of the behavior of
the cf” and St* curves on the windward side is preserved. Only their absolute value varies
by approximately 257 for an increase in o by 5°. This is illustrated in Fig. 4, in which
for a = 0, 5, 10° (lines 1-3) the distribution of the Cf” parameter is represented as a func-~
tion of the transverse coordinate w = 1 — { {(w = 1 corresponds to the front edge) in the
cross section § = 0.5 of wing G. An analogous comparison of the distribution of the Cfx
parameter on the windward side of wing G in the £ = 0.5 cross section for M, = 3 is performed
in Fig. 5 (curves 1 and 2 correspond to a = 0, 5°). Unlike M, = 6, both curves are nonmon-
otonic.

. The effect of the angle of incidence on the distribution of the coefficient of friction
cg” on the leeward side of profiled wing F in the £ = 0.5 cross section is shown in Fig. 6.
The calculations were performed for ¢y = 0.05, My = 3 and o = 0, 5, 8° (curves 1-3). The
character of the curves varies weakly with increase in o (with the exception of the region
of the plane of symmetry in which the singular point of the nonviscous flow is located),
Here the value of cy decreases by ~157 with increase in o by 5°. Thus, it follows from
- Figs. 4-6 that for identical profile thicknesses and Mach numbers, the cg” (and also the St%
curves) are qualitatively similar to one another at different angles of incidence.

In Table 1 under the values of the relative thickness of the windward cy annd leeward cg
surfaces of the wing the values of the total automodel coefficient of friction CFy = CFy/Rey,
for the surface in question are given; this coefficient increases practically linearly with
increase in the angle of incidence for the windward side and decreases for the leeward side.
The speed of increase for M, = 6 is almost twice as great as for M. = 3.

The contribution of the total friction pressure CFy to the total resistance (X, for
each surface of the wing was evaluated for Rey, = 10° (the Reynolds number was computed from
the parameters of the oncoming flow and the length of the central chord). Table 2 presents
the indicated quantities for the windward side of wing G for cy = 0.03, Mo = 3 and 6, a = 0
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and 5°. TFor comparison their values for a plane triangular plate are given here for the
same defining parameters [3]. It is evident that as M, increases the value of CFy for

¢ = 0 decreases somewhat, and for a = 5° it increases. However, the wave resistance drops
significantly, which leads to an increase in the contribution of friction forces from 677 to
79% for o = 0 and from 21.57 to 437 for o = 5°.

From the data given in Table 2 it is possible to evaluate the effect of the relative
thickness of the wing on the characteristics of the boundary layer. The value of CFy for a
profiled wing increases on the average by 157 in comparison with a triangular plate. How~
ever, in this case the wave resistance increases significantly, which leads to a decrease
in the contribution of friction forces to the total resistance in compariscn with a plane
triangular plate. An analogous phenomenon is observed when the angle of incidence increases.
Although the value of CFy; increases with increase of o from 0 to 5°, the wave resist-
ance increases more significantly, and therefore the contribution of friction forces drops
from 677 to 21.5% for M, = 3 and from 797 to 437 for M, = 6.

The contribution of friction forces for M. = 3 to the total resistance of a wing whose
windward side is formed by the surface G (Cw = 0.03), and whose leeward side is formed by
surface F (cg = 0.05) was evaluated. The evaluation was performed for Hy = 0.57 and Ref, = 10°
The result was that with increase of o from 0 to 5°. The total resistance CFy is practi-
cally invariant (0.0126 and 0.0125) while the total resistance CX, increases significantly
(0.0225 and 0.0527) due to the wave resistance, which leads to a drop in the contribution
of friction forces from 567 to 24%.

We note that the coefficient of friction resistance CFy for the variants considered
can easily be recalculated for any Reynolds number by dividing CF§ by vRej,. The effect of
the enthalpic factor on the parameters of the boundary layer has been studied using the
model of a plane triangular plate [3].
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